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Non-Abelian Lattice Gauge Theory in Euclidean space-time of dimension d ≥ 2 whose gauge group is any
compact Lie group is related to a Spin Foam Model by an exact strong-weak duality transformation. The
group degrees of freedom are integrated out and replaced by combinatorial expressions involving irreducible
representations and intertwiners of the gauge group. This transformation is available for the partition function,
for the expectation value of observables (spin networks), and for the correlator of centre monopoles which is a
ratio of partition functions in the original model and an ordinary expectation value in the dual formulation.
1. Introduction
Exact duality transformations in Statistical
Mechanics have been known since the discovery of
the self-duality of the 2-dimensional Ising model.
This transformation was generalized to a wider
class of Abelian lattice models including Abelian
Lattice Gauge Theory (LGT) [1,2]. In d = 4, this
transformation for pure U(1) LGT can be under-
stood as the lattice version of electric-magnetic
duality. It proved to be very powerful in the an-
alytical [3] and numerical [4] study of magnetic
monopoles and their role in confinement.
We present a generalization of this transforma-
tion to non-Abelian LGT in d ≥ 2 with a com-
pact Lie group G as the gauge group. A simi-
lar transformation has been known for the par-
tition function in the special case of SU(2) in
d = 3 [5] for which numerical algorithms are be-
ing studied [6]. For the duality transformation,
all group integrals are solved, and the group de-
grees of freedom are replaced by combinatorial
expressions involving irreducible representations
and intertwiners of the gauge group. Mathemati-
cally, this transformation can be understood as an
explicit calculation exploiting Tannaka–Kreˇın du-
ality which provides a one-to-one correspondence
between compact Lie groups and suitable tensor
categories which arise as the categories of finite-
dimensional representations of these Lie groups.
In the duality transformation, the Boltzmann
weight exp(−s(gP )) is character expanded, gen-
eralizing the Fourier expansion of the U(1) case.
For the standard local actions s(gP ), such as Wil-
son’s action or the heat kernel action, this ensures
that the duality transformation still provides the
strong-weak relation as for the Abelian case. The
dual expressions for expectation values of generic
observables can thus be used to generate their
strong coupling expansion.
The dual model is a Spin Foam Model very
similar to those models which are currently stud-
ied in the context of non-perturbative quantum
gravity [7,8] and to the state sums used in or-
der to define topological field theory and invari-
ants [9,10]. The duality transformation has been
described in detail in [11] for hypercubic lattices
and Lie groups. For an extension to generic tri-
angulations and to quantum groups, see [12,13].
As for the Abelian special case, we find that
expectation values are mapped under the trans-
formation to ratios of partition functions and vice
versa. In particular, there is an observable of the
dual model whose expectation value agrees with
the correlator of centre monopoles and vortices.
2. The duality transformation
2.1. The partition function
The partition function of pure non-Abelian
LGT on a d-dimensional hypercubic lattice reads
Z =
(∏
i,µ
∫
G
dgiµ
) ∏
i,µ<ν
f(giµgi+µˆνg
−1
i+νˆµg
−1
iν ). (1)
2Here the gauge groupG is any compact Lie group,
i denotes the lattice points and i+ µˆ the nearest
neighbour of i in the µ-direction. The duality
transformation for the partition function involves
the expansion of the Boltzmann weight f(g) =
exp(−s(g)) into characters,
f(g) =
∑
ρ
fˆρχ
(ρ)(g). (2)
Here the action s(g) is a suitable class function
of G. Solving all group integrals, one obtains the
dual form of the partition function,
Z =
( ∏
i,µ<ν
∑
ρiµν
)(∏
i,µ
∑
P (iµ)∈Piµ
)
×
( ∏
i,µ<ν
fˆρiµν
)(∏
i
C(i)
)
. (3)
Here the dual path integral is a sum over colour-
ings of the plaquettes with irreducible represen-
tations ρiµν and a sum over a all colourings of the
links with elements of a basis Piµ of G-invariant
orthogonal projectors onto the trivial component
in the complete decomposition of the tensor prod-
uct
(ρ
i−λˆ,λ,µ ⊗ ρ
∗
iλµ)⊗ · · ·︸ ︷︷ ︸
λ∈{1,...,µ−1}
⊗ (ρ∗i−νˆ,µ,ν ⊗ ρiµν)⊗ · · ·︸ ︷︷ ︸
ν∈{µ+1,...,d}
.
The weights of the dual partition function are the
dual Boltzmann weight fˆρiµν ,
fˆρ = dρ
∫
G
χ(ρ)(g) f(g) dg, (4)
for each plaquette, and a group invariant
C(i) = (5)
(∏
µ<ν
dρi−µˆ−νˆ,µ,ν∑
pi−µˆ−νˆ,µ,ν=1
dρi−νˆ,µ,ν∑
qi−νˆ,µ,ν=1
dρi−µˆ,µ,ν∑
mi−µˆ,µ,ν=1
dρiµν∑
niµν=1
)
×
d∏
µ=1
P
(iµ)
(m
i−λˆ,λ,µniλµ...︸ ︷︷ ︸
λ∈{1,...,µ−1}
)(qi−νˆ,µ,νniµν ...︸ ︷︷ ︸
ν∈{µ+1,...,d}
)
P
(i−µˆ,µ)
(p
i−µˆ−λˆ,λ,µqi−µˆ,λ,µ...︸ ︷︷ ︸
λ∈{1,...,µ−1}
)(pi−µˆ−νˆ,µ,νmi−µˆ,µ,ν ...︸ ︷︷ ︸
ν∈{µ+1,...,d}
),
for each lattice point. Here dρ denotes the dimen-
sion of the representation ρ.
2.2. Gauge invariant observables
The generic gauge invariant observable of LGT
is the spin network
W ({τjκ}, {Q
(j)}) = (6)(∏
j,κ
∑
ajκ,bjκ
)(∏
j,κ
t
(τjκ)
ajκbjκ
(gjκ)
)
×
(∏
j
Q
(j)
(bj−1ˆ,1...bj−dˆ,d),(aj1...ajd)
)
.
Here τjκ denotes a colouring of links with irre-
ducible representations and
Q(j):
d⊗
µ=1
τj−µˆ,µ →
d⊗
µ=1
τjµ, (7)
a colouring of the lattice points with compatible
intertwiners. The matrix elements of the repre-
sentation ρ are denoted by t
(ρ)
ab (g).
The dual expression for the expectation value〈
W ({τjκ}, {Q
(j)})
〉
is given by the same expres-
sion as (3) except that the sum is over projectors
in the decomposition of
(ρ
i−λˆ,λ,µ ⊗ ρ
∗
iλµ)⊗ · · ·︸ ︷︷ ︸
λ∈{1,...,µ−1}
⊗ (ρ∗i−νˆ,µ,ν ⊗ ρiµν)⊗ · · ·︸ ︷︷ ︸
ν∈{µ+1,...,d}
⊗τiµ, (8)
and the weights per point are given by
D(i) = (9)
(∏
µ
dτiµ∑
aiµ=1
dτi−µˆ,µ∑
bi−µˆ,µ=1
)
Q
(i)
(bi−1ˆ,1...bi−dˆ,d),(ai1...aid)
(∏
µ<ν
dρi−µˆ−νˆ,µ,ν∑
pi−µˆ−νˆ,µ,ν=1
dρi−νˆ,µ,ν∑
qi−νˆ,µ,ν=1
dρi−µˆ,µ,ν∑
mi−µˆ,µ,ν=1
dρiµν∑
niµν=1
)
×
d∏
µ=1
P
(iµ)
(m
i−λˆ,λ,µniλµ...︸ ︷︷ ︸
λ∈{1,...,µ−1}
)(qi−νˆ,µ,νniµν ...︸ ︷︷ ︸
ν∈{µ+1,...,d}
)aiµ
P
(i−µˆ,µ)
(p
i−µˆ−λˆ,λ,µqi−µˆ,λ,µ...︸ ︷︷ ︸
λ∈{1,...,µ−1}
)(pi−µˆ−νˆ,µ,νmi−µˆ,µ,ν ...︸ ︷︷ ︸
ν∈{µ+1,...,d}
)bi−µˆ,µ
.
3The normalized expectation value〈
W ({τjκ}, {Q
(j)})
〉
of the spin network is there-
fore mapped to a ratio of partition functions in
the dual model.
2.3. Monopole and vortex correlators
A similar transformation is available for the
correlator of centre monopoles and vortices. It
is given by a ratio of partition functions Z(X)/Z,
Z(X) =
(∏
i,µ
∫
G
dgiµ
)
×
∏
i,µ<ν
f(giµgi+µˆνg
−1
i+νˆµg
−1
iν Xiµν), (10)
where Xiµν associates an element of the centre
Z(G) to each plaquette. Its dual expression has
the form of an expectation value under the dual
path integral (3),
Z(X) =
〈 ∏
i,µ<ν
t˜(ρiµν)(Xiµν))
〉
dual
(11)
where t˜(ρ) denotes the matrix element of the rep-
resentation of Z(G) that is induced by ρ.
3. Some comments
It should be pointed out that the dual Boltz-
mann weight fˆρ is strictly positive for the stan-
dard actions. However, the coefficients C(i) and
D(i) are not, so that their sign has to be asso-
ciated to the observable while their modulus can
be part of the probability density.
The heat kernel action is defined by its dual
Boltzmann weight fˆρ = dρ · exp(−Cρ/β) where
Cρ is the eigenvalue of the second order Casimir
operator in the representation ρ. The configura-
tions of the dual path integral can therefore be
ordered according to their β-dependence. One
just sorts them by the value of the sum of the
second order Casimir eigenvalues of the represen-
tations that are attached to the plaquettes. The
strong coupling expansion of the generic spin net-
work expectation value can thus be read off from
its dual expression.
Interesting future applications of the duality
transformation include not only the study of the
topological degrees of freedom in connection with
an understanding of confinement, but also the
development of efficient algorithms for the dual
model. Finally, the relation of the dual form of
LGT with models studied in the context of non-
perturbative quantum gravity suggests that both
areas can benefit from a combination of the avail-
able techniques, numerically and analytically.
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